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We present a general theory about electron orbital motions in topological insulators. An in-plane
electric field drives spin-up and spin-down electrons bending to opposite directions, the skipping
orbital motions, a counterpart of the integer quantum Hall effect, are formed near the boundary
of the sample. The accompanying Zitterbewegung can be found and controlled by tuning external
electric fields. Ultrafast flipping electron spin leads to a quantum side jump in topological insulator,
and a snake orbit motion in two-dimensional electron gas with spin-orbit interactions. This feature
provides us a new way to control electron orbital motion by manipulating electron spin.
PACS numbers: 71.70.Ej, 75.76.+j, 72.25.Mk
The time-reversal invariant topological insulator (TI)
is a new state of quantum matter possessing insulating
bulk and metallic edge or surface states, which shows a
linear massless Dirac dispersion [1, 2]. TIs are distin-
guished from a normal band insulator by a nontrivial
topological invariant Z2 characterizing its band struc-
ture. The quantum spin Hall effect was proposed in
graphene [3] and HgTe quantum wells [4] . The exis-
tence of edge and surface states was confirmed by the
recent experiment in HgTe quantum wells [5] and the
angle-resolved photoemission spectroscopy experiments
[6, 7]. Due to its unique band structure, TI is a good
testbed for observing relativistic effects, predicted by the
Dirac equation. For instance, the Klein’s paradox and
Zitterbewegung (ZB).
So far, the most previous works in the rapid growing
field of TI focused on exploring new TIs and its transport
and magnetic properties. Relatively, electron dynamics
in TIs is unexplored. In this work we show that the
quantum spin Hall effect and quantum anomalous Hall
effect [8] can be understood from anomalous electron or-
bital motions in TIs. These anomalous electron orbital
motions in topological insulators give naturally a clear
picture about the origin of the edge states, a counterpart
of the skipping orbital motion in the integer quantum
Hall effect. By applying a series of magnetic field pulses
to flip electron spin quickly, a quantum side-jump behav-
ior and a snake-orbit motion can be found for electrons
in TIs and normal 2DEG with the spin-orbit interactions
(SOIs), respectively. The trembling motion, i.e., the ZB,
can be controlled by changing an in-plane electric field
and the initial momentum of the electron wavepacket.
We consider the single-particle Hamiltonian of electron
at low-energy regime in the presence of a uniform electric
field E
H = H0(k) + V (r),
= ǫ(k)I +
3∑
i=1
d0i (k)σi − eE · r, (1)
where σi(i = 1, 2, 3) is the Pauli matrix, ǫ(k) is the ki-
netic energy. The different forms of the di can be used
to describe the various important systems: 1) the two-
dimensional electron gas with the Rashba and Dressel-
haus SOIs with d01 = −αky − βkx, d
0
2 = αkx + βky,
d03 = 0, where α and β describe the strengths of the
Rashba and Dresselhaus SOIs, respectively [9]; 2) single
layer graphene with d01 = vF ~kx, d
0
2 = vF ~ky, d
0
3 = 0
[10]; 3) bilayer graphene with d01 = −~
2(k2x − k
2
y)/2m,
d02 = −~
2kxky/m, d
0
3 = 0 [10]; 4) the two-dimensional
TI HgTe quantum wells with an inverted band structure
with d01 = Akx, d
0
2 = Aky , d
0
3 = M − Bk
2 [4] ; 5) three-
dimensional TIs, e.g., Bi2Se3 and Bi2Te3, whose Hamilto-
nian would be extended to H =
∑3
µ,ν=0 d
0
µν(k)σµ ⊗ σν −
eE · r, in which σ0 = I2×2, and d000 = ǫ(k), d
0
03 = M(k),
d031 = A1kz , d
0
11 = A2kx, d
0
12 = A2ky while other d
0
µνs
are zero [11, 12].
In the absence of a uniform electric field, the electron
position operator yH(t) evolving with the time t can be
obtained as
yH(t) = e
iHt/~ye−iHt/~,
= y(0) + (it/~)[H, y] +
(it/~)2
2!
[H, [H, y]] + · · ·,
= y(0) + (it/~)ǫy +
∑
n=1
(it/~)n
n!
Tn, (2)
where ǫy = [ǫ, y] = −i∂kyǫ, D
0 =
∑
j d
0
jσj ,
T1 = [D
0, y] =
∑
j d
y
jσj = D
y, T2 = [D
0, Dy] =∑
i,j d
0
i d
y
j [σi, σj ], · · · , the n-th commutator Tn =
[D0, Tn−1]. Generally, the analytical expression of the
above summation is very difficult to obtain because the
number of the commutators increases hierarchically with
increasing the order n.
Interestingly, the equivalence between the commuta-
tion relationship [σi, σj ] = 2iεijkσk and the vector cross
production (A×B)k = εijkAiBjek (see the online sup-
plementary material) offers us a new way to solve this
problem. In the absence of an external electric field,
the commutation between the spin operators is converted
into the vector product between them. We can transfer
2FIG. 1: (Color online) Schematic of electron orbital motion in
a HgTe quantum well with an inverted band without and with
an in-plane driving electric field [(a) and (b)]. The orbital
motion can be detected by the optical technique, e.g., the
NSOM at the microwave frequency regime.
the algebra summation in Eq. (2) into the summations
of the vector series T2n+1(T2n)(n = 1, 2, · · · ) utilizing the
equivalence between the commutator [D0, Tn] and the
vector productD0×Tn, Tn = [D0, Tn−1] ∼ 2i(D0×Tn−1)
(see the online supplementary material). One can see
that the vectors T2n and T2n+1 (n = 0, 1, 2, ...) point
along the orthogonal directions while the lengths of the
vectors Tn varies with the increasing of the order n as
T2n+1 = −|2D
0|2T2n−1, where |D0| = (
∑3
i=1(d
0
i )
2)1/2.
This character allows us to get the analytical expression
for the electron position operator
yH(t) = y(0) +
it
~
(
ǫy + T1 −
T3
|D0|2
)
+
T2
2|D0|2
[
cos
(
2|D0|t/~
)
− 1
]
+
iT3
2|D0|3
[
sin
(
2|D0|t/~
)]
. (3)
This analytical expression consists of the initial po-
sition (the first term), the propagating term (the sec-
ond term) and the Zitterbewegung term (the last two
terms). This ZB term describes the rapid trembling mo-
tion which has no the classical correspondences. ZB, a
novel relativistic quantum orbital motion, is an inher-
ent hallmark of the Dirac equation, first predicted by
Schro¨dinger in 1930 [13]. This rapid quivering motion
of electron arises from the superposition between the
positive- and negative- energy part of the spinor states
and could be a possible origin of electron spin [14]. Al-
though there are many proposals about observation of the
ZB in a two-dimensional electron gas (2DEG) with the
SOIs [9, 15], graphene [10] and a Cooper pair in supercon-
ductors [16, 17] and related theoretical analysis [18], but
only observed experimentally in the trapped ion [19–21]
and cold atom [22] systems. However, this prediction has
still never been observed for electrons in free space, this
is because the ZB displays an extremely high frequency
ωZ = 2m0c
2/~ ≈ 1.5 × 1021 Hz and a tiny amplitude
λZ = ~/m0c ≈ 3.9× 10
−4 nm (m0 is the electron mass).
The detection of the oscillation with such high frequency
and negligibly small amplitude is beyond the reach of the
present-day experimental technique.
It is natural to imagine that the frequency of the ZB
should be decreased when the energy gap decreases. TI
could be a good testbed to observe the ZB due to its
narrow bulk gap which ranges from 10meV to 0.3 eV.
The expression of ZB (see Eq. [3]) agrees exactly with
the previous theoretical works for various systems. For
a 2DEG with the Rashba and Dresselhaus SOIs [9], ǫy +
T1 = −i~
2kx/m − i(ασy − βσx), T2 = (α
2 − β2)kyσz ,
T3 = (α
2 − β2)(kxσy − kyσx)Σ, where Σ = α(kxσx +
kyσy) + β(kxσy + kyσx), |D
0| = (α2 + β2)k2 + 4αβkxky.
For a single layer graphene [10], ǫy+T1 = −i~vFσx, T2 =
~
2vF
2kyσz, T3 = ~
3vF
3ky(kxσy − kyσx), |D
0| = vF~k.
The two-dimensional TI HgTe quantum wells with an
inverted band structure [4], ǫy + T1 = −i(2Dky + Aσy),
T2 = −2A(M −Bk
2)σx+2A
2kxσz , T3 = 4i{A
3kxkyσx−
[A(M −Bk2)2+A3k2x]σy +A
2(M −Bk2)kyσz} (see Fig.
1(a)). The second term ǫy + T1 − T3/|D
0|2 represents
the classical uniform rectilinear motion, the third and
the fourth terms T2 and T3 describe the ZB with the
oscillating frequency 2|D0|/~. The trembling frequency
is determined by the strength of the spin-orbit interaction
of the interband coupling d0i . For all above examples,
these agreements demonstrate the validity of the diagram
technique developed by us.
In two-terminal transport experiments, an external
voltage is applied between the source and drain, generat-
ing an in-plane electric field. In the presence of a uniform
in-plane electric field, it is difficult to get the analyti-
cal expression of the electron position operator as dis-
cussed above. Instead, we can calculate the electron po-
sition r(t) based on the equation of motion i~r˙ = [r, H ].
We consider a two-dimensional topological insulator, a
HgTe quantum well with an inverted band structure de-
scribed by the BHZ model [4]. The single-particle effec-
tive Hamiltonian for the electron is
H(k)↑↓ = H0(k)↑↓ + V (xi), (4)
where H0(k)↑↓ = C − Dk2 ± Akxσx + Akyσy + (M −
Bk2)σz , V (x) = −eE · rσz . A, B, C, D, and M are the
parameters determined by the thickness of the quantum
well [23]. Consider an electron injected in the Gaussian
wave packet ϕ(r) = 12pi
d√
pi
∫
d2ke−d
2(
−→
k −−→k 0)2/2ei
−→
k −→r |↑〉
with the spatial width (∆x)2 = (∆y)2 = d2/2 and spin
pointing along the z axis, perpendicular to the quantum
well plane. The guiding center of the wave packet 〈yH(t)〉
can be calculated numerically by the Heisenberg equation
of motion d〈yH(t)〉/dt = (ih)
−1 〈[yH(t), H ]〉. From the
numerical results (the red and blue curves in Fig. 1(c)),
the spin-up and spin-down electron driven by an in-plane
electric field Ex bend to the opposite direction along the
y axis accompanying with a trembling behavior, i. e.,
the ZB. Notice that the electron energy 〈E〉 = C +M −
(B +D)/d2 − (B +D)k20 locates in the bulk gap, which
3is the important difference from the spin Hall effect in a
conventional 2DEG and/or metal with the SOIs.
In order to understand this surprising feature, we an-
alyze the equation of motion utilizing the adiabatic ap-
proximation, i.e., separating the fast trembling motion
and slow orbital motion y↑↓ = yorb↑↓ +y
ZB
↑↓ [24, 25]. First we
perform a unitary transformation U(k) to diagonalize the
Hamiltonian H0(k), i. e., H˜0 = U(k)↑↓H0(k)↑↓U †(k)↑↓.
The potential term becomes V (D˜i), where the covari-
ant derivative D˜i = i∂ki − A˜i, and A˜i(k)↑↓ = −i ·
U(k)↑↓∂kiU
†(k)↑↓ ·U(k)↑↓σzU †(k)↑↓ behaves like a gauge
field. Adopting the adiabatic approximation, i.e., ne-
glecting the off-diagonal matrix elements of A˜i, the re-
sulting gauge field Ai only contains a diagonal matrix
which gives a non-zero associated field strength Fij =
i[Di, Dj ], where xi → Di = i∂ki − Ai, then the effective
Hamiltonian becomes
Heff↑↓ = H˜0(k)− e
∑
i=x,y
EiDi,↑↓, (5)
where H˜0(k) = C − Dk
2 −
√
A2k2 + (M −Bk2)2σz
for both spin-up (down) states. The nontrivial prop-
erty of the Hamiltonian is revealed through the nontriv-
ial commutation relations [ki, kj ] = 0, [Di, kj ] = iδij ,
[Di, Dj ] = −iFij , the effective “Lorentz forces” in mo-
mentum space felted by spin-up or spin-down electron
is
Fxy(k)↑↓ = ±
A2(M2 −B2k4)
2[A2k2 + (M −Bk2)2]2
.
The equation of motion for the spin-up/down electron
can be written as
x˙↑↓ = ux ± |Fxy| k˙y,
y˙↑↓ = uy ∓ |Fxy| k˙x, (6)
ki = ki0 + λeEit/~,
where ui represents the usual group velocity ∂H˜0/∂ki,
and λ = ±1 stands for the negative (positive) branch of
the energy spectrum. When ky0 = 0, the orbital trajec-
tory of spin-up or spin-down electron at small k is (see
the online supplementary material)
yorb↑↓ = ∓
A2
2M2
kx +O(k)
3. (7)
Clearly, one can see that the spin-up and spin-down
electrons feel an opposite force Fxy(k)↑↓, respectively,
which pushes them against the opposite direction. The
trajectories obtained from Eq. [7], which neglects the
fast trembling motion by the adiabatic approximation.
The analytical expression for the trembling motion, i.e.,
the ZB, at small k can also be obtained (see the online
supplementary material)
yZB↑↓ = ±
A2
2M2
eEx
∆ǫ(t)
sin(
∆ǫ(t)
~
t), (8)
FIG. 2: (color online). The trajectories of spin-up (the red
and green curves) and spin-down (the blue and purple curves)
electrons incident with the initial momenta kx0 = 0.001nm
−1,
the electric field Ex = 10V/cm. The red and blue (green and
purple) curves denote the numerical (analytical) results. The
parameters used in the calculation are adopted from [23]. The
inset shows that the amplitude of the transverse ZB yZB as a
function of the bulk gap of HgTe QW |M |.
where ∆ǫ(t) = 2
√
A2k2 + (M −Bk2)2 = 2|M |+ O(k2).
At small in-plane momentum k, the kinetic energy can
be neglected, the frequency of amplitude of the ZB are
both determined by M , the gap of HgTe QW which can
be tuned by the thickness of the QW. The total electron
trajectories y↑↓ = yorb↑↓ + y
ZB
↑↓ obtained from Eq. [7] and
[8] agree well with the numerical results for spin-up and
spin-down electron incident cases (see Fig. 1(c)). The
inset in Fig. 1(c) shows the amplitude of the ZB increases
rapidly with decreasing the gap |M | of HgTe QW with an
inverted band, and a linear dependence on the strength of
the in-plane electric field Ex. For example, the amplitude
of the ZB is about 21.2A˚ when M = 2.5meV and Ex =
10V cm−1, which are within the reach of the state-of-art
experimental techniques. By adjusting the electric fields
Ex and the bulk gap of HgTe QWs, one can tune the
amplitude of the ZB significantly (see Fig. 2(a)), and
make it possible to observe it in TIs.
For the realistic experimental sample, we need to con-
sider the boundary effect, for instance, a spin Hall bar
with a finite width. The spin-up and spin-down elec-
trons will bend to opposite edges. Fig. 3 (b) shows
clearly that spin-up and spin-down edge states appear
near the opposite boundaries of the sample (the shaded
regions). From the inset, one can see the skipping orbital
motion of electrons in the edge states, since electrons
bending to the edges will be bounced back when it hits
the hard-wall boundary [26], and pushed to the bound-
ary again by the driving force (or the effective ”Lorentz”
force) Fxy(k)↑↓. This is a counterpart of the skipping
4FIG. 3: (color online). The trajectories of spin-up (red) and
spin-down (blue) incident electrons under a uniform electric
field. The in-plane electric field E = 10V cm−1. The electron
injected into HgTe quantum well (M = −10 meV) (a) has a
initial incident momentum kx0 = 0 for the solid curves and
kx0 = 0.001nm
−1 for the dashed curves; (b) The same as (a),
but with a hard-wall boundary (the shaded regions). The
inset amplifies the trajectory near the boundary, showing the
skipping orbital motion. (c) and (d) The same as (a) and
(b), but in a conventional GaAs 2DEG with the Rashba spin-
orbit interaction (α = 10 meV nm taken from Ref. [4]). The
solid and dashed curves corresponds to kx0 = 0 and kx0 =
0.01nm−1 , respectively.
orbital motion in the integer quantum Hall effect, but
spin-up and spin-down electrons feel opposite the effec-
tive ”Lorentz” forces. While in a normal 2DEG with the
SOIs, spin-up and spin-down electrons show a ballistic
side jump in opposite directions which was already found
before [15], but no edge states can be found near the sam-
ple boundary. Instead, electrons will oscillate between
the opposite boundaries (see Figs. 3(c) and 3(d)).
Similarly, the quantum anomalous spin Hall effect
might also be understood from the electron dynamics in
TIs. Considering a ferromagnetic TI, a giant Zeeman
splitting results in a spin-up inverted and a spin-down
normal band structure, we assume these magnetic ions
polarized along z axis. This situation corresponds to the
BHZ Hamiltonian with the positive and negative M for
spin-up and spin-down electrons, respectively. From the
above discussions, the spin-up (down) electrons show nor-
mal oscillating (bending) trajectory (see Figs. 3). There-
fore, the edge states only appear for spin-down electrons,
i.e., the quantum anomalous spin Hall effect. Similar be-
havior can also be found in three-dimensional topological
insulators, because the form of the Hamiltonian of 3D TI
is almost the same as that of 2D TI. Therefore one can
expect that the bending trajectory of electrons in 3D TIs
will lead to the topological surface states.
In a spin-orbit system, usually electron spin can be ma-
FIG. 4: (color online). The trajectories of a initial spin-up
electron driven by a uniform electric field in HgTe QW (a) and
a GaAs 2DEG with the SOIs (b). The red and blue curves
denote the spin-up and spin-down electrons, respectively. The
electron spin is flipped periodically at a time interval t = 2ps.
(c) and (d), the same as (a) and (b), but for a realistic case:
a series of the square- shaped magnetic field pulses with the
magnitude B0 = 1T. The parameters are the same with those
in Fig. 3, k0 = 0.
nipulated by control its orbital motion, such as spin tran-
sistor [27]. And vise versa, it is also possible to control
electron orbital motion by manipulating electron spin. In
a 2D TI, e.g., a 2DEG in a HgTe QW with an inverted
band structure, electron spin flipping leads to an inter-
esting quantum side jump (see Fig. 4(a)), which is the
manifestation of the spin-dependent ZB and caused by
the spin-dependent driving force. While in the 2DEG
with the SOIs, an interesting snake orbit motion can be
found (see Fig. 4(b)). This ultrafast spin flipping pro-
cess can be achieved by applying a series of specifically
shaped magnetic field pulses (see the insets in Figs. 4(c)
and 4(d)), which was used to flip the magnetization of
the magnetic random access memory devices [28]. The
width of the magnetic feild pulses is determined by the
magnitudes of the magnetic field pulses B0, usually it
will take longer (shorter) time to flip electron spins for
weak (strong) magnetic field B0.
Finally, we comment on how to detect these interest-
ing orbital motions experimentally. We propose a near-
field scanning optical microscope (NSOM) technique in
microwave or THz regime to detect the edge states, ZB,
quantum side jump and snake-orbit motions. The NSOM
technique breaks the far field resolution limit by exploit-
ing the properties of evanescent waves. With this tech-
nique, the resolution of the image is limited by the size
of the detector aperture and not by the wavelength of
the illuminating light. A spatial lateral resolution of the
NSOM can approach to 20 nm [29]. A microwave light
beam is applied at a specific spatial position through a
5NSOM (see Fig. 1(b)), the absorption of the microwave
beam changes when electrons pass below. This experi-
mental technique was used to detect the topological edge
states in a HgTe QW very recently.
In summary, we give an intuitive physical picture about
the dynamical origin of the edge states in TIs, a skipping
orbit motion. By flipping electron spin quickly, one can
control the electron orbital motion efficiently. An inter-
esting quantum side jump and snake orbital motion can
be found in the TIs and 2DEGs with the SOIs. This
feature provides us a new way to control electron orbital
motion by manipulating electron spin.
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I. DIAGRAM TECHNIQUE IN THE ABSENCE OF EXTERNAL FIELD
We consider a single-particle Hamiltonian of electron in a general form
H = ǫ (k) +
∑
i
di (k)σ
i (1)
= ǫ (k) +D (k)
where ǫ (k) denotes the kinetic energy and the second term describes the spin-orbit interactions or interband coupling.
In the Heisenberg picture, the position operator of electron yH(t) evolving with time t can be obtained by
yH(t) = e
iHt/~ye−iHt/~, (2)
= y(0) + (it/~)[H, y] +
(it/~)2
2!
[H, [H, y]] + · · ·,
= y(0) + (it/~)ǫy +
∑
n=1
(it/~)n
n!
Tn,
where we show the notions explicitly:
ǫy = [ǫ, y] = −i∂kyǫ, (3)
T1 = [H, y] = [D, y],
T2 = [H,T1] = [D,T1],
...
Tn = [D,Tn−1].
The above equation involves the infinite summation of the commutators Tn and therefore it is not easy to obtain
the analytical expression of the position operator yH(t). In order to calculate the commutation in arbitrary order and
the summation, we develop a diagram technique as follow which makes the lengthy calculation of the commutation
much easier. Utilizing the similarity between the commutation relationship [σi, σj ] = 2iεijkσk and the vector cross
production A×B = εijkAiBjek, we obtain the following relationship
D (k) = d1σ
1 + d2σ
2 + d3σ
3 →D = (d1, d2, d3) , (4)
T1 = [H, y] = t0 + t1σ
1 + t2σ
2 + t3σ
3 → T 1 = (t1, t2, t3) ,
T2 = [H,T1] = [D,T1]→ 2i (D × T 1) ,
· · ·
Tn+1 = [H,Tn] = [D,Tn]→ 2i (D × T n) .
These relationships can be illustrated in Fig. 1. From this figure, one can see that the vectors T 2n+1 and T 2n
(n = 1, 2, 3 · · · ) point along the two perpendicular axes, respectively, but the magnitudes (or lengths) of the vectors
T 2n+1 and T 2n are both geometrical series. This character allows us to get the analytical expression of the infinite
summation.
2T2,4,6,..
T3,5,7,..
T1
H
FIG. 1: Illustrating figure showing how to calculate Tn using the vector cross times (see Eq.[4]).
Summing up all the terms, we get an analytical expression for the position operator of electron
yH(t) = y(0) +
it
~
(
ǫy + T1 − T3|D|2
)
+
T2
2|D|2 [cos (2|D|t/~)− 1]
+
iT3
2|D|3 [sin (2|D|t/~)] , (5)
where |D| =
√
d21 + d
2
2 + d
2
3.
II. ANALYTICAL EXPRESSION FOR ELECTRON TRAJECTORY: ADIABATIC APPROXIMATION
The Hamiltonian for a two-dimensional topological insulator, a HgTe quantum well with an inverted band structure
described by the BHZ model, under a uniform electric filed is
H(k)↑↓ = H0(k)↑↓ + V (xi),
whereH0(k)↑↓ = C−Dk2±Akxσx+Akyσy+(M−Bk2)σz , V (x) = −eE · rσz . After the proper unitary transformation
U(k)↑↓ which can diagonalize the H0(k), i. e., H˜0 = U(k)↑↓H0(k)↑↓U †(k)↑↓, then Heff↑↓ = H˜0(k) − e
∑
i=x,yEiDi,↑↓,
where
H˜0(k) = C −Dk2 +
( −√A2k2 + (M −Bk2)2 0
0
√
A2k2 + (M −Bk2)2
)
,
U(k)↑↓ =


∓[−Bk2+M−
√
A2k2+(M−Bk2)2]
A(kx±iky)
√
1+
(Bk2−M+
√
A2k2+(M−Bk2)2)
A2k2
−Bk2+M+
√
A2k2+(M−Bk2)2
A(kx±iky)
√
1+
(Bk2+M+
√
A2k2+(M−Bk2)2)
A2k2
1√
1+
(Bk2−M+
√
A2k2+(M−Bk2)2)
A2k2
1√
1+
(−Bk2+M+
√
A2k2+(M−Bk2)2)
A2k2

 ,
and
A˜i(k)↑↓ = −i · U(k)↑↓∂kiU †(k)↑↓ · U(k)↑↓σzU †(k)↑↓.
The analytical expression is too lengthy to be omitted here. Adopting the adiabatic approximation, we neglect the
interband transitions, i.e., neglecting the off-diagonal matrix elements of A˜,
Fxy(k)↑↓ = i[Di, Dj ] =
(
± A2(M2−B2k4)2[A2k2+(M−Bk2)2]2 0
0 ± A2(M2−B2k4)2[A2k2+(M−Bk2)2]2
)
.
3The equation of motion for the spin-up/down (↑↓) negative/positive branch (λ = ±1) can be written as:
ki = ki0 + λ
eEi
~
t,
dx↑↓
dt
= −2D
~
kx + λ
2B(M −Bk2)−A2
~
√
A2k2 + (M −Bk2)2 kx ±
eEy
~
A2(M2 −B2k4)
2[A2k2 + (M −Bk2)2]2 ,
dy↑↓
dt
= −2D
~
ky + λ
2B(M −Bk2)−A2
~
√
A2k2 + (M −Bk2)2 ky ∓
eEx
~
A2(M2 −B2k4)
2[A2k2 + (M −Bk2)2]2 .
When Ey = ky = 0, the integration of the topological term [1], ∓ eEx~ A
2(M2−B2k4)
2[A2k2+(M−Bk2)2]2 , represents the electron’s
orbital motion in the y axis brought by the effective field strength Fxy,
yorb↑↓ =
∫
dk
A2(M2 −B2k4)
2[A2k2 + (M −Bk2)2]2 .
To the second order of k,
yorb↑↓ = ∓
A2
2M2
k +O(k)3,
and for the k →∞ limit,
yorb↑↓ → ∓
iAπ
(√
B2
A2−2BM−iA√−A2+4BM −
√
B2
A2−2BM+iA√−A2+4BM
)
4
√−2A2 + 8BM ,
which is about 14.31nm adopting the parameters in Ref. [2]. We can see that this topological shift have a upper limit
during a single ballistic motion.
Next, we derive the analytical expression for the trembling motion, i.e., the Zitterbewegung [3]. We assume the
wave function has the form of |ψ(x, t)〉 = exp (−ieE · rσzt/~) |u(x, t)〉, and substitute |ψ(x, t)〉 into the Schro¨dinger
equation
i~∂t |ψ(x, t)〉 = [H0(k)↑↓ + eE · rσz] |ψ(x, t)〉 ,
where H0(k)↑↓ = C −Dk2 ±Akxσx +Akyσy + (M −Bk2)σz , because
i~∂t |ψ(x, t)〉 = [eE · rσz] |ψ(x, t)〉
+exp (−ieE · rσzt/~)[i~∂t |u(x, t)〉],
we get a time-dependent Schro¨dinger equation
i~∂t |u(x, t)〉 = H0(k, t) |u(x, t)〉 ,
where ki(t) = ki0 + λ
eEi
~
t. We assume that |u(x, t)〉 = ∑λCλ(t) exp(−iαλ)U †(k) |λ〉, where |λ〉 represents any
eigenstate of Sz, that is Sz |λ〉 = λ |λ〉, so U †(k)↑↓ |λ〉 is the instant eigenstate of H0(k)↑↓, H0(k)↑↓U †(k)↑↓ |λ〉 =
ǫλ(t)U
†(k)↑↓ |λ〉, where ǫ 1
2/
3
2
(t) = C −Dk2 ∓
√
A2k2 + (M −Bk2)2. αλ = (1/~)
∫ t
0
ǫλ(t
′)dt′. Because
i~∂t |u(x, t)〉 = i~
∑
λ[∂tCλ(t)] exp(−iαλ)U †(k)↑↓ |λ〉
+
∑
λCλ(t)[ǫλ(t) exp(−iαλ)]U †(k)↑↓ |λ〉
+ i~
∑
λCλ(t) exp(−iαλ)[∂tU †(k)↑↓] |λ〉 ,
and
H0 |u(x, t)〉 =
∑
λCλ(t)[ǫλ(t) exp(−iαλ)]U †(k)↑↓ |λ〉
4thus ∑
λ[∂tCλ(t)] exp(−iαλ)U †(k)↑↓ |λ〉+
∑
λCλ(t) exp(−iαλ)[∂tU †(k)↑↓] |λ〉 = 0.
Act U(k)↑↓ and 〈λ′| to the left side,
[∂tCλ′ (t)] exp(−iαλ′) +
∑
λCλ(t) exp(−iαλ) 〈λ′|U(k)↑↓∂tU †(k)↑↓ |λ〉 = 0.
For the helicity state, |1/2〉 = (1, 0)T , |3/2〉 = (0, 1)T , we set the initial state C1/2(0) = 1, C3/2(0) = 0. The
adiabatic approximation assumes that 0 ≃ C3/2(t)≪ C1/2(t) is always satisfied, which leads to
∂tC1/2(t) ≃ −C1/2(t) 〈1/2|U(k)↑↓∂tU †(k)↑↓ |1/2〉 ,
∂tC3/2(t) ≃ −C1/2(t) exp(i∆α) 〈3/2|U(k)↑↓∂tU †(k)↑↓ |1/2〉 ,
∆α = α3/2 − α1/2 = (1/~)
∫ t
0
∆ǫ(t′)dt′.
Because yZB↑↓ = C
∗
3/2C1/2e
−i∆α 〈3/2| iU(k)↑↓∂kyU †(k)↑↓ |1/2〉+h.c., Then we can calculate the U(k)↑↓∂tU †(k)↑↓ and
U(k)↑↓∂kyU
†(k)↑↓. When Ey = ∂ky/∂t = 0,
U(k)↑↓∂tU †(k)↑↓ = U(k)↑↓
∂
∂kx
U †(k)↑↓ · ∂kx
∂t
,
at small k,
U(k)↑↓
∂
∂kx
U †(k)↑↓
∣∣∣∣
k=0
=
[
0 ± A2M
∓ A2M 0
]
+O(k2),
U(k)↑↓
∂
∂ky
U †(k)↑↓
∣∣∣∣
k=0
=
[
0 − iA2M
− iA2M 0
]
+O(k2),
Notice that the U(k)↑↓∂kyU
†(k)↑↓ and 〈3/2| iU(k)↑↓∂kyU †(k)↑↓ |1/2〉 is only finite for the diagonal and off-diagonal
matrix elements, respectively. Therefore
∂tC1/2(t)↑↓ = 0,
∂tC3/2(t)↑↓ = ∓
A
2M
eEx
~
exp(i∆α).
Adopting the adiabatic approximation, ǫλ(t) are slowly varying functions of the time t,
C3/2(t)↑↓ = ∓
A
2M
eEx
∆ǫ(t)
exp(i∆α).
Finally we get
yZB↑↓ = ±
A2
2M2
eEx
∆ǫ(t)
sin(
∆ǫ(t)
~
t),
where ∆ǫ(t) = 2
√
A2k2 + (M −Bk2)2 = 2 |M |+O(k2). At small k,
yZB↑↓ ≃ ±
A2
4M2
eEx
|M | sin(
∆ǫ(t)
~
t).
When we consider the trajectory of an initially resting electron/hole in 2D TI under an AC electric field in the
x-direction Ex = E0 cos(ωt/~), the equation of orbital motion for the spin-up/down (↑↓) electron/hole (λ = ±1) is
kx = λ
eE0
~
~
ω
sin(ωt/~),
dx↑↓
dt
= −2D
~
kx + λ
2B(M −Bk2)−A2
~
√
A2k2 + (M − Bk2)2 kx,
dy↑↓
dt
= ∓eEx
~
A2(M2 −B2k4)
2[A2k2 + (M −Bk2)2]2 .
5To the second order of k,
dx↑↓
dt
= −2D
~
kx + λ
2BM −A2
~ |M | kx,
dy↑↓
dt
= ∓eEx
~
A2
2M2
,
then we can get the orbital motion under the adiabatic approximation
xorb↑↓ =
eE0
~2
(
λ
A2 − 2BM
|M | + 2D
)(
~
ω
)2
[cos(ωt/~)− 1] ,
yorb↑↓ = ∓
A2
2M2
eE0
~
~
ω
sin(ωt/~).
III. THE NUMERICAL CALCULATION OF ELECTRON TRAJECTORY y(t)
We assume that the electric field E = (−E, 0, 0) points along the −x axis without loss of any generality, thus
H↑↓(k) = C −Dk2 + (±Akx, Aky,M −Bk2) · σ − eEx · σz ,
or
H(k) = C −Dk2 +Akx · s1 +Aky · s2 + (M −Bk2) · s3 − eEx · s3,
where we define
s1 =
[
σx 0
0 −σx
]
, s2 =
[
σy 0
0 σy
]
, s3 =
[
σz 0
0 σz
]
,
s4 =
[
σx 0
0 σx
]
, s5 =
[
σy 0
0 −σy
]
, s6 =
[
σz 0
0 −σz
]
,
then
d 〈kx〉
dt
=
eE
~
〈s3〉 ,
d 〈ky〉
dt
= 0,
d 〈x〉
dt
= −2D
~
〈kx〉+ A
~
〈s1〉 − 2B
~
〈kx〉 〈s3〉 ,
d 〈y〉
dt
= −2D
~
〈ky〉+ A
~
〈s2〉 − 2B
~
〈ky〉 〈s3〉 ,
d 〈s1〉
dt
= −2M −B 〈k〉
2 − eE 〈x〉
~
〈s5〉+ 2A
~
〈ky〉 〈s6〉 ,
d 〈s2〉
dt
= 2
M −B 〈k〉2 − eE 〈x〉
~
〈s4〉 − 2A
~
〈kx〉 〈s6〉 ,
d 〈s3〉
dt
= −2A
~
〈ky〉 〈s4〉+ 2A
~
〈kx〉 〈s5〉 ,
d 〈s4〉
dt
= −2M −B 〈k〉
2 − eE 〈x〉
~
〈s2〉+ 2A
~
〈ky〉 〈s3〉 ,
d 〈s5〉
dt
= 2
M −B 〈k〉2 − eE 〈x〉
~
〈s1〉 − 2A
~
〈kx〉 〈s3〉 ,
d 〈s6〉
dt
= −2A
~
〈ky〉 〈s1〉+ 2A
~
〈kx〉 〈s2〉 .
6For a given initial state, we can calculate the electron trajectory 〈y(t)〉 involving with the time t numerically.
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